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Abstract. We obtain convolution inequalities in Lebesgue and Lorentz with 
power weights when the functions involved are assumed to be radially sym- 
metric. As a corollary, we also obtain weighted inequalities for Riesz potentials 
of radial functions in weighted Lorentz spaces. 



1. Introduction 

The aim of this paper is to study boundedness properties of the convolution 
operator 

(f*9)(x)= f{x-y)g(y)dy 



in Lebesgue and Lorentz spaces with power weights, when restricted to radially 
symmetric functions. 

To state our results, first we need to introduce some notations. Given a mea- 
surable function / in R n , we denote its distribution function with respect to the 
weight w(x) = \x\ ap by 



H f (s) = / \x\ ap dx, s > 0. 

J{x:\f(x)\>s} 

Then, the weighted Lorentz space L(p, q; a) is the space of all measurable func- 
tions in W 1 such that ||/||p, g;a is finite, with 

\\f\\ P ,q;a = (q J s^ 1 n f {s)p ds^J , l<p<oo,l<g<oo, 

||/||p.oo; Q = SUpS/i/(s)p, l<p<CO. 
s>0 

When p — q, we recover the weighted Lebesgue space L(p,p\ a) = L(j>; a) with 

||/||p,a= Ujm\*\x\^dxY , l<p<0O 

||/||oo ;Q = esssup :cea „|/(x)uj(a;)|. 

When a = we simply write L p . Finally, by L rad (p,q;a), L rad (p,a) or L p rad we 
denote the subspaces of radial functions of the corresponding spaces. 
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Following [6], given functional spaces X, Y, Z, we shall write X * Y C Z to 
indicate that for functions f E X, g E Y , then f * g E Z and there exists a positive 
constant C such that 

||/*fllU<C||/IWM|r. 
Then, the classical Young's inequality reads 

Theorem. (Young's inequality) 

Lp * Lg d L r 

for 1 < p, q, r < oo, provided that i = ~ + ~ — 1. 

In Lorentz spaces the result is due to O'Neil [9]: 
Theorem. 

L{Po,qo) * L(pi,qi) C 
/or 1 < p ,p!,p < oo, provided that I = i + i - 1 and < | < i + i < 1. 

In the case of power weights, the above theorems were generalized by R. Kerman 
[B] . Partial results for the LP case can also be found in [5] . 

Theorem 1.1. Theorem 3.1] 

L(p;a)*L(q;/3) C L(r;-j) 

provided 



(1) I = I + l + £±£±2_ i i <p q r <0O i < I 



(2) a<^,/3<^, 7 <?, 



?' 



(3) a + P > 0, /3 + 7 > 0, 7 + a > 0. 
Theorem 1.2. [5} Theorem 4.1] 

L(p , go; a) * L(p u qr,/3) C L(p, q; -7) 

provided 

(1) 1 = - + - + ^^^^ - 1, < Po.Pi.P <oo,<±<i + i<l, 

(2) a < *r,B < 4,7 < -, 
w pi ' r Pi ' ' p ' 

(3) a + /3 > 0, /3 + 7 > 0, 7 + a > 0. 

Further weighted inequalities for convolutions can be found in [TJ [7J [10] (see 
also references therein). However, the fact that one can improve Theorems 11.11 and 
ll.2l when the functions involved are assumed to be radial was seemingly overlooked, 
and is the object of the present paper. Namely, we will prove: 

Theorem 1.3. 

L r ad(p; a) * L rad (q; P) C L rad (r; -7) 

provided 

(1) i = i + i + ^±^-l,l<p )9 ,r<oo,i<i + i, 

(2) a<i,/3<i,7<2, 

(3) a + /?>( ri -l)(l-±-I),/3 + 7>(n-l)(i-±),7 + a> ( n -l)(i-i) 

(4) max{a,/3,7} > 0. 

Theorem 1.4. 

L ra d(po,qo; a) * Lrad(pi,qi;P) C L rad (p, q; -7) 

provided 
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a) i = k + ii + ^- 1 > 1 <po,pi,p<oc,o<i<i+j I <i, 

(3) a +/ 0>(n-l)(l-^-i)^+7>(n-l)(i-^),7+a>(n-l)(i-^), 

(4) max{a,/3,7} > 0. 

Remark 1.1. Theorem \1.3\ also holds for r = 1 and 6e proved separately (see 
Theorem \2.2\) . Moreover, it can be seen from the proof of Theorem ! 1 . 31 that it also 
holds for p — 1 (or q = 1, but not both), provided the inequalities in a + (3, [3 + 7 
and a + 7 are strict and (3 < (n — — i) (respectively, a < (n — 1)(£ — 

Notice that Theorem ll.3l is indeed an extension of Theorem 11.11 since in that case 
at most one among a, 13, 7 can be negative. Moreover, if, for instance, 1 — A — | > 
one has that, in both theorems, 

a + /3 = rJl - -- - + ---) > n f 1 - - - - ) > (n - 1) (1 - - - - 
\ p q r nj \ p qj \ p q 

so that our condition on a + (3 admits negative values and is only apparently more 
restrictive when the sum is non negative. Similar considerations apply also to a + 7 
and (3 + 7, and in the case of Theorem 11.41 compared to Theorem 11.21 

The restriction to radially symmetric functions is natural, for instance, for ap- 
plications to partial differential equations in E™, but one could also be tempted to 
ask whether one can improve the conditions on a + (3, a + 7 and (3 + 7 of Theorem 
11.11 by restricting the convolution to functions invariant with respect to a different 
subgroup of the orthogonal group. However, the answer is negative, as we will show 
below (see Remark l2.1j) . 

The rest of the paper is as follows. In Section 2 we prove some preliminary 
results; in Section 3 we prove Theorem II .31 and in Section 4 we outline the proof of 
Theorem 1 1 . 41 and obtain, as a corollary, weighted estimates for fractional integrals 
of radial functions in Lorentz spaces. 



2. Preliminary results 

First we show that the conditions of Theorem ll.ll on a+f3, (3+j and a+7 cannot 
be improved for arbitrary functions, or indeed for any set of functions invariant with 
respect to a subgroup of the orthogonal group other than the radial functions. This 
can be done by applying the convolution inequality to the heat kernel, as was 
done in P] to prove the necessity of the scaling and integrability conditions (see 
Theorem 2.1]). 

Remark 2.1. // L(p;a) * L(q; (3) C L(r; — 7), then a + (3 > 0, a + 7>0 and 
,3 + 7 > 0. The latter conditions are also necessary if the inequality is restricted 
to functions invariant with respect to any subgroup G C O(n) such that there exist 
some yo, \yo\ = 1, fixed by the action of G, that is, 

g-ya = ya V g € G. 

Proof. One can verify easily that L(p; a) * L(q; (3) C L(r; —7) implies the scaling 
condition 

1 _ 1 I 1 1 a + fi + 7 1 
r p q n 
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(or see [2] for proof). Given this, let W t (x) = (4wt)- n / 2 e~^ 2 '/( 4t ) be the heat kernel 
in W l and let W t , y (x) =W t (x- y) for y £ M™. Then, we have W t)3/ * W t) _j, = W 2t , 
whence 

||W2t||rj- 7 < C\\Wu y \\ P AWu-y\\ q ^. 

Now, setting z = , we have that 

||W 2t || r; _ 7 - (2i)(-"-^+"/'-)/ 2 ||T^ 1 || r; _ 7 = ^- n ^+"/ r )/ 2 C(n !7 ,r). 
Similarly, setting 2 = 



\\W t J P , a 
and setting z = 



(-n+Q+n/p)/2 



||w t ,-„||^ = t(-»+^+«/«)/ 2 



IWi^l' 



z + 



ap ^ l/p 

dz 



Therefore, noting that the powers of i cancel out due to the scaling condition, 
one has that, for some C > depending only on the parameters p, q, r, a, /?, 7 and 
the dimension n, 

1/9 



G < 



2! + 



y_ 



ap 



dz 



l/p 



|Wi(«)| f 



/39 



Choosing y = Ay^ 2/o for some yo G K n fixed with |yo| 



1, we get, for any A > 0, 



GA 



< 



l^itol 1 



yo 



dz 



\Wi(z)\" 



yo 



0q \ 1/q 

dz 



whence, letting A — > +00, we deduce that a + f3 > 0, since otherwise ||Wi|| p ||W] 



ilk 



> 



2t,y 



+00, a contradiction. 

In a similar way, using the relations 

W t * W t .y 

and 

W t .y * W t = W 2t ,y 

(or a duality argument) we can prove the necessity of the conditions /? + 7 > 0, 
a + 7 > 0. 

In the case of functions invariant with respect to a subgroup G C 0(n) of the 
orthogonal group, such that there exist yo, \yo\ = 1 fixed by the action of G, consider 
y = Ayi yo- Then, as before, Wt,j/, Wt,- y and Wbt is a G-invariant function, so the 
same argument applies. □ 

Now, note that a key point in the proof of Theorems ll.ll and ll.2l is the relationship 
between the convolution operator and the fractional integral, or Riesz potential, 
given by 

v(y) 



(2.1) 



(7>)( x ) 



dy, < 7 < n. 



Indeed, the proof in [Sj invokes known weighted estimates for this operator proved 
by E. Stein and G. Weiss [T2]. We will follow that method of proof but use instead 
the following result proved by the authors and R.G. Duran in [H Theorem 1.2], 
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that gives the weighted inequalities when T 7 is restricted to radial functions. The 
result for p > 1 was previously proved by different means in jlll Theorem 1.2]. An 
alternative proof for all p > 1 can also be found in [SJ Theorem 5.1], where also 
sharpness of the result is proved. 

Theorem 2.1. [4, Theorem 1.2] Let n > 1, < 7 < n, 1 < p < oo,a < y, (3 < 
^,a+f3 > (n-l)Q-i), and | = ^ + 7+ " +/3 -1- Ifp<q< oo, then the inequality 

\\T 7 v\\ q .-p < C|MI P ;a 

holds for all radially symmetric v G L p (R n , \x\ pa dx), where C is independent of v. 
If p = 1, then the result holds provided a + (3 > (n— — !)• 



Once we establish Theorem ll.4[ we will also be able to extend this result to 
Lorentz spaces. However, for now we postpone a proof of this fact and prove that, 
as an almost immediate consequence of the previous theorem, one has the following 
special case of our convolution inequalities, that we will need later: 

Theorem 2.2. //, for 1 < p, q < oo, we have 

1 1 a + /3 + 7 1 1 
2=- + - + , - + ->1 , 

p q n VI 

71 a n n 

a<- , 0<— , 0< 7 <n , 

P q 



1 1 

p q 



and 

(2.2) a + 0>(n-l)\l 

then 

Lradip; a) * L rad (q; j3) C L rad (l; -7). 
The result also holds for p = 1 (or q — 1) provided that the inequality in 12. 2\) is 
strict. 

Proof. It suffices to consider the case f,g>0 and / radially symmetric. Then, by 
Tonelli's theorem, 



(f * g)(x)\x\-^ dx = / faf)(x)g{-x)dx 

whence, by Holder's inequality and Theorem 12.11 given our conditions, we obtain 
||/*. 9 || 1; _ 7 < C||T 7 /|| 8 , ; _^|| ff ||^ < C||/|| p . a || ff ||^ 

□ 

The above result coincides with Theorem 11.31 for r = 1. The result for other 
values of r will be obtained by duality and multilinear interpolation, we make 
explicit in which way in the next two results. 

Lemma 2.1. Suppose a and b are real numbers and 1 < r < 00, 1 < s < 00. Let 

f,g be nonnegative functions on R", / radially symmetric, and define the linear 
operator Tf by 

i T f9)(x)= f(x-y)g(y)dy. 



Then, 

T f : L rad (r; a) -> L rad (s; b), 
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with operator norm C implies 



T f : L rad (s'; -b) L rad (r'; -a) 



with the same norm. 



Proof. It follows easily by using duality, we leave details to the reader. 



□ 




Pt po Pi qt qo q\ 

Remark 2.2. When Wi — \x\ aiPi , w[ — \x\ aiPi ,w'l — \x\ aiPi , clearly one has 
at = (1 — t)ctQ + toi\. a' t = (1 — t)a' Q + ta[ and a'[ = (1 — t)a.Q + ta'(. 

Remark 2.3. Since we will actually use the above theorem to interpolate between 
the subspaces of radial functions of the corresponding spaces, a comment is in order. 
In general, one cannot freely interpolate between subspaces and guarantee that the 
intermediate space is the expected subspace. However, the subspaces L ra d(p, a) in 
K™ are isomorphic to spaces L(p, a + in (0, oo), so one may interpolate in the 

latter setting and use the fact that the interpolation commutes with the standard 
isomorphism. 



In this section we prove Theorem 11.31 First we claim the following: 

Remark 3.1. Given Theorem \1. 11 it suffices to prove that Theorem \1.SH holds in 
the following cases: 

(1) a + f3 < 0,7 > 

(2) /3 + 7 < 0,a > 

(3) a + 7 < 0,(3 > 

Proof. Consider first 7 > 0. Then, if a + (3 < the theorem will follow from case 
([T]). If a + j3 > there are two possibilities: either a, (3 > or one of them, say f3, 
is negative. In the first case, the result follows from Theorem 11.11 In the second 
case, a > —(3 > and we have again to possibilities. If 7 + (3 > the result follows 
from Theorem 11.11 since, under our assumptions, we also have a + (3, a + 7 > 0. If 
7 + (3 < 0, that is, a > —(3 > 7 > then we have that (3 + 7 < and a > 0, so the 
theorem will follow from case © . 

Now assume that 7 < 0. In this case, if a, (3 > 0, three things can happen. If 
a + 7 > and (3 + 7 > 0, the result follows from Theorem ll.il Otherwise, one has 
that either a + 7<0or/3 + 7<0, in which cases the result follows from cases (j3]) 
or j2]), respectively. 

There remain the cases 7 < 0, a > 0, (3 < 0, and 7<0,a<0,/3>0 which are 
contained in cases ([2]) and ([3]), respectively. □ 



3. Convolution in weighted Lebesgue spaces 
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Proof. ( Theorem \ 1.3$ . We begin by considering the case a + (3 < 0,7 > 0. 

Now, a + (3 < clearly implies | + | > 1, so this case is analogous to the first 
case of the proof of Theorem 11.11 given in [BJ, and the result follows by interpolation 
between Holder's inequality and Theorem l2.21 that is, using Theorem 12.31 with the 
endpoints 

r = oo , — + — = 1 , a Q = (3 = 70 = 

Po qo 

and 

1 1 ai + A + 71 1 1 

n = 1 , 2 = — + — + — — H - — , — + — > 1 

Pi qi n pi qi 

n n 
ot\ < — , Pi < — , < 71 < n 
Pi Qi 

at +/3i > (n- 1) f 1 

V pi qi 

Hence, t= \ and a% = ra , [3\ = r/3 , 71 = ry. 

Clearly < 71 < n. The remaining conditions depend on the choice of po- We 
begin by considering p\ < which is equivalent to 

1 



PO 1-i 

If the right hand side is greater than 1, that is i — | > we choose po = 1. 
Then, <7n = 00 , — = r(- + - — ll and — = r . Given this, one can check that 

' yu ' pi r / qi q ' 

condition 2 = i + -i- + " 1+/3l+71 follows from ± = ± + i + " +,3+7 - 1, that condition 

pi q\ n r p q n 

ai < 4 follows from a < that condition — + — > 1 follows from - + - > 1, and 
Pi v pi qi — p q — ' 

that condition a i+/3i > (n- 1)(1 - i - i) follows from a + [3 > [n- 1)(1 - £ - |). 

If 7 - I < |, we choose £ = (1 - e)(l - ± - f )/(l - ±) for small positive 
e that we will choose later. Then, £ = [I + £ _ I + £ (i _ I _ £)]/(l _ i), 
— = r[~ — (1 — e)(l + 1 + £)] and — = r[± - £ - e(l - i - £)]. Therefore, 

pi Lp V /V g 1 n 11 qi lr n \ q n'l ' 

condition ai < Jjr follows from the scaling condition and the fact that 7 > 0, 
provided we choose e < 7/(^7 — /?), condition i + i > 1 follows from 5 + 5 > 1) 
condition 2 = J- + -±- + " 1+/3l+71 follows from 1 = 1 + 1 + 2±£±2 _ x d con diti n 

pi qi n r p q n 

«!+&>(»- 1)(1 ~ p7 - 7^) follows from a + /3 > (n - 1)(1 - A - A). 

This completes the case a + /?<0,7>0 and, by Lemma [2TT1 one has then the 
result for 7 + /3 < , a > and a + 7<0,/3>0, which in view of Remark 13.11 
complete the proof. □ 



Remark 3.2. If p = 1, as mentioned in Remark \l.l[ one can choose po = pi = 1 
above, since obviously A + A _ 1- However, in this case one needs (3 < (n— 1)(~ — A) 
to follow through the proof. By symmetry, if q = 1, one needs a < (n— 1)(- — -)• 



4. Convolution in weighted Lorentz spaces 



Proof. ( Theorem \1.4\ ). The proof can be carried out exactly as the proof of Theorem 
11.21 given in [6J, once we establish that, under the assumptions of the theorem, the 



8 



PABLO L. DE NAPOLI AND IRENE DRELICHMAN 



restricted weak type inequality 
(XF * xg)(x)\x\~ 1p dx 



H 



<<?(/ \x\ apo dxj (j \xf Pl dxj (j \x\ lp dx 

holds for F, G, H C K" of finite measure, such that xf and xg are radial. Indeed, 
if - < — + — , by Holder's inequality 

P — Pa Pi ' J ^ ■' 

Uxf * Xg){x)\x\-^ p dx < C\\xf * XgIIk-7 M~ 7P 

and the result follows by Theorem 11.31 If instead one has - > — + — , the result 
J ' ■ p PO pi ' 

holds even for non necessarily radial functions and is contained in ]6, Proposition 
4.2]. 

Since the rest of the proof is as in 6 , noticing again that one may interpolate 
between radial subspaces for similar reasons as those of Remark 12. 3[ we leave the 
details to the reader. □ 



As an application of Theorem 11.41 one has the following result for Ricsz potentials 
(defined by (|2.ip ) of radial functions in Lorentz spaces with power weights, that 
extends the result obtained in [5J Theorem 4.5] for non necessarily radial functions 
in a similar way. 

Theorem 4.1. LetO <\<n,l<p <oo,a<jp-,-f<j ; , a + 7 > (n— 1)(~ — ^) 
and I = -L + £±A±2 _ 1. Then, 

P Po n 

T\ : L rad (p ,q ;a) -> L rad (p, q; -7) 

for q > q Q . 

Proof. Assume v radial. Then, by Theorem II .41 

||7>||p,g;- 7 < C\\\x\~ X \\ puqi .fS ||u||p 0)(?o;Q 

provided we also have ± = i + i + 2±£±2_i p < a + {3 > (n— 1)(1 — -), 

P Po Pi n ' " p{ ' " v /v po Vi } 

P + j > (n- 1)(| - and max{a,/3, 7 } > 0. 

We claim that it suffices to take 01 =00, — < minj^r, -} and let — = — — — . 

* x Pl Po P n n Pi 

Indeed, with this choice of parameters, || |a;|~ A ||p 1 ,g 1 :^ < 00 and ^ = ^ + ° +A+7 — 1. 
Moreover, by the conditions on a and 7 and the choice of pi, 

/l 1 1 7 \ , A 1 1 

a + /3 = n + 1 > (n - 1) 1 

\P Po Pi n J \ po pi 

and 

A 1 1 a S\ , s 1 

/? + 7 = n + 1 > (n - 1) 

Vp po pi n ) \p p 1 

Finally, since by the condition on pi 

a + P + -y = 1 1 1 

n p pi 

one clearly has max{a, P, 7} > 0, as required. 

□ 
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